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1. INTRODUCTION
The demand for higher data rate and power eƒciencies in digital commun-
ications makes multidimensional modulation schemes increasingly attractive.
Motivation for the use of multidimensional signals dates back to the work of
Shannon [1]. In his celebrated analysis of the limit performance achievable in
digital communication over a given channel, he recognized that the perfor-
mance of a signal constellation used to transmit digital information over
the additive white Gaussian noise channel can be improved by increasing the
dimensionality of the signal set used for transmission. In particular, as the
dimension number grows to inÞnity, the performance tends to an upper limit57
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58 DONG, SOH, AND GUNAWANthat deÞnes the capacity of the channel. Four-dimensional signals have
a special appeal because they are easily implemented in radio communica-
tions without any increase in bandwidth. Many results about four-dimen-
sional modulation and four-dimensional trellis codes have been obtained
(see, e.g., [2—8]). However, little is known about block codes over Þnite Þelds
with algebraic decoding algorithms for coding over four-dimensional signal
space.
On the other hand, Huber [9, 10] considered linear codes over the Þnite
Þelds of the Gaussian integer ring Z[i] modulo a Gaussian prime or the
Eisenstein integer ring Z[u]"Ma#buDa, b3ZN modulo an Eisenstein
prime, where i"J!1 and u"(!1#J!3)/2"(!1#iJ3)/2. These
codes can be used with quadrature amplitude modulation (QAM) signal
constellations or hexagonal signal constellations for error correction of error
values which take from the group of all roots of unity M$1,$iN in Z[i] or
the group of all roots of unity M$1,$u,$(1#u)N in Z[u]. Note that the
Gaussian integer ring Z[i] and the Eisenstein integer ring Z[u] are, respec-
tively, algebraic integer rings in which each ideal is a principal ideal of the
only quadratic cyclotomic Þelds Q(J!1) and Q(J!3). Note that there is
no cubic cyclotomic Þeld. It is also of interest to determine whether linear
codes over Þnite Þelds of the algebraic integer ring in which each ideal is
a principal ideal of any quartic cyclotomic Þeld modulo an irreducible
element can be constructed for coding four-dimensional signals. The
only quartic cyclotomic Þelds whose algebraic integer rings are principal
ideal domains are Q(e2ni@8 ), Q(e2ni@5)"Q(e2ni@10), and Q(e2ni@12) [11, p. 204].
In this paper, we construct linear block codes over Þnite Þelds of the algebraic
integer ring of Q(e2ni@n) modulo an irreducible element, where n"5, 8, or 12.
These codes can be used for coding over four-dimensional signal space and
can correct one error which takes from the group of all roots of unity in the
algebraic integer ring of Q (e2ni@n), where n"5, 8, or 12.
This paper is organized as follows. Section 2 gives preliminary results.
Linear block codes are constructed in Section 3. Finally, the conclusion is
given in Section 4.
2. PRELIMINARY RESULTS
An algebraic number Þeld K is an algebraic extension of the Þeld of
rational numbers Q of Þnite degree. An element s in K is called an algebraic
integer if it satisÞes some monic polynomial with integer coeƒcients. It is well
known that the set of all algebraic integers forms a subring of K, which is
called the algebraic integer ring of K denoted by #
K
, a Dedekind domain
[12, p. 20]. Therefore, for each prime integer p the ideal p#
K
can be uniquely
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K
[12, p. 18]. More precise
information concerning the factorization of a prime integer, due to Dedekind,
is given in [12, p. 27]. Let m
n
"e2ni@n be a primitive nth root of unity,
F"Q(m
n
) a cyclotomic Þeld, and p an odd prime integer throughout this
paper. Then the algebraic integer ring of Q(m
n
) is Z[m
n
]"Ma
0
#a
1
m
n
#2
#au(n)~1m
u(n)~1
n
Da
0
, a
1
,2, au(n)~13ZN [12, p. 75].
LEMMA 2.1. (1) Q(m
5
), Q(m
8
), and Q(m
12
) are all Galois extension of order
4 of the Þeld Q of rational numbers.
(2) Gal
Q
Q (m
8
)"M1, p, q, pqN, where p(m
8
)"m3
8
and q(m
8
)"m5
8
.
(3) Gal
Q
Q (m
5
)"M1, d, d2, d3N, where d(m
5
)"m2
5
.
(4) Gal
Q
Q (m
12
)"M1, g, i, giN, where g(m
12
)"m5
12
and i(m
12
)"m7
12
.
Proof. The proof is obvious. j
The minimal polynomials satisÞed by m
5
, m
8
, and m
12
are, respectively,
x4#x3#x2#x#1, x4#1, and x4!x2#1. Moreover, Z[m
5
], Z[m
8
],
and Z[m
12
] are all principal ideal domains [11, p. 204]. We can verify the
following facts.
(1) For any element x#ym
8
#zm2
8
#wm3
8
of Q (m
8
), the norm of
x#ym
8
#zm2
8
#wm3
8
is N (x#ym
8
#zm2
8
#wm3
8
)"(x#ym
8
#zm2
8
#wm3
8
)
p(x#ym
8
#zm2
8
#wm3
8
) q(x#ym
8
#zm2
8
#wm3
8
) pq(x#ym
8
#zm2
8
#wm3
8
)"
(x2!z2#2yw)2#(w2!y2#2xz)2.
(2) For any element x#ym
5
#zm2
5
#wm3
5
of Q(m
5
), denote by
(x#ym
5
#zm2
5
#wm3
5
)* the complex conjugate of x#ym
5
#zm2
5
#wm3
5
.
Then the norm of x#ym
5
#zm2
5
#wm3
5
is N(x#ym
5
#zm2
5
#wm3
5
)"
(x#ym
5
#zm2
5
#wm3
5
)d (x#ym
5
#zm2
5
#wm3
5
)d2 (x#ym
5
#zm2
5
#wm3
5
)
d3 (x#ym
5
#zm2
5
#wm3
5
)"(x#ym
5
#zm2
5
#wm3
5
) (x#ym
5
#zm2
5
#wm3
5
)*
(x#ym2
5
#zm4
5
#wm
5
) (x#ym2
5
#zm4
5
#wm
5
)*"y4#w4#x4#z4#y2x2
!xy3!x3y#x2z2!x3z!z3x!y3z#y2z2!yz3!w3x#w2x2!x3w
!y3w!w3y#y2w2#z2w2!z3w!zw3!yxzw!3y2zx#2zyx2#2yx
z2#2x2wy!3yw2x#2y2wx#2zy2w#2yw2z#2xw2z!3wx2z#2z2wx
!3z2wy.
(3) For any element x#ym
12
#zm2
12
#wm3
12
of Q(m2
12
), denote by
(x#ym
12
# zm2
12
#wm3
12
)* the complex conjugate of x#ym
12
#zm2
12
#wm3
12
.
Then the norm of x#ym
12
#zm2
12
#wm3
12
is N (x#ym
12
#zm2
12
#wm3
12
)"
(x#ym
12
#zm2
12
#wm3
12
)g (x#ym
12
#zm2
12
#wm3
12
) i (x#ym
12
#zm2
12
#
wm3
12
)gi(x#ym
12
#zm2
12
#wm3
12
)"(x#ym
12
#zm2
12
#wm3
12
) (x#ym
12#zm2
12
#wm3
12
)* (x!ym
12
#zm2
12
#wm3
12
) (x!ym
12
#zm2
12
#wm3
12
)*"
x4#y4#z4#w4#3x2z2#2x2w2#3y2w2!4z2yw!4xy2z#2x3z#2
xz3!y2z2#2yw3!z2w2#2y3w!x2y2#2x2wy#2xw2z!4xyzw.
(4) N ( f (m
n
)g (m
n
) )"N ( f (m
n
))N (g (m
n
) ), where f (m
n
), g(m
n
)3Q (m
n
) and
n"5, 8, or 12.
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0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
is unit of Z[m
n
] if and only if
N(a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
)"1, where n"5, 8, or 12. The unit group of
Z[m
n
] is a direct product of the group of all roots of unity in Z[m
n
] and an
inÞnite cyclic group [13, p. 44].
The following lemma gives the factorization regularity of a prime integer
p in F"Q(m
n
).
LEMMA 2.2 [11, p. 14]. ‚et F"Q(m
n
) be the cyclotomic Þeld. „hen for
any prime integer p which does not divide n, pZ[m
n
] is a produc of distinct prime
ideals P
1
P
2
2P
t
in Z[m
n
], where t"u (n)/s and s is the least positive integer
for which m
n
Pmps
n
is the identity on F"Q(m
n
), i.e., s is the least positive integer
with ps,1 (mod n). Moreover, the residue class degree [Z[m
n
]/P
j
:Z/SpT]
"s, where j"1,2 , t.
COROLLARY 2.1. (1) If a prime integer p is of form 8k#1, then the ideal
pZ[m
8
]"P
1
P
2
P
3
P
4
, where P
j
are di⁄erent prime ideals of Z[m
8
] for
14j44. Each P
j
is generated by an irreducible element with the norm
p"8k#1 of Z[m
8
]. Moreover, GF(p2) is isomorphic to each residue class
Þeld Z[m
8
]/P
j
for 14j44.
If an odd prime integer p is not of form 8k#1, the ideal pZ[m
8
]"P
1
P
2
,
where P
1
and P
2
are di⁄erent prime ideals of Z[m
8
] and each P
j
is generated by
an irreducible element with the norm p2 of Z[m
8
]. Moreover, GF(p2 ) is
isomorphic to each residue class Þeld Z[m
8
]/P
j
for 14j42.
(2) If a prime integer p is of form 5k#1, then the ideal pZ[m
5
]"
P
1
P
2
P
3
P
4
, where P
j
are di⁄erent prime ideals of Z[m
5
] for 14j44. Each P
j
is generated by an irreducible element with the norm p"5k#1 of Z[m
5
].
Moreover, GF(p) is isomorphic to each residue class Þeld Z[m
5
]/P
j
for
14j44.
If a prime integer p is of form 5k#4, then the ideal pZ[m
5
]"P
1
P
2
, where
P
1
and P
2
are di⁄erent prime ideals of Z[m
5
] and each P
j
is generated by an
irreducible element with the norm p2 of Z[m
5
]. Moreover, GF (p2 ) is isomorphic
to each residue class Þeld Z[m
5
]/P
j
for 14j42.
If a prime integer p is of form 5k#2 or 5k#3, then the ideal pZ[m
5
] is still
a prime ideal of Z[m
5
]. Moreover, Z[m
5
]/pZ[m
5
] is isomorphic to GF(p4).
(3) If a prime integer p is of form 12k#1, then the ideal pZ[m
12
]"
P
1
P
2
P
3
P
4
, where P
j
are di⁄erent prime ideals of Z[m
12
] for 14j44. Each P
j
is generated by an irreducible element with the norm p"12k#1 of Z[m
12
].
Moreover, GF (p) is isomorphic to each residue class Þeld Z[m
12
]/P
j
for
14j44.
If an odd prime integer p’3 is not of form 12k#1, then the ideal
pZ[m
12
]"P
1
P
2
, where P
1
and P
2
are di⁄erent prime ideals of Z[m
12
] and
each P
j
is generated by an irreducible element with the norm p2 of Z[m
12
].
Moreover, GF (p2 ) is isomorphic to each residue class Þeld Z[m
12
]/P
j
for
14j42.
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m
8
Pmp
8
"m
8
is the identity on F"Q(m
8
). Therefore, from Lemma 2.2
it follows that the ideal pZ[m
8
]"P
1
P
2
P
3
P
4
, where P
j
are di⁄erent prime
ideals of Z[m
8
] for 14j44. Since Z[m
8
] is a principal ideal domain,
each P
j
is generated by an irreducible element f
j
(m
8
). Thus we have p"
f
1
(m
8
) f
2
(m
8
) f
3
(m
8
) f
4
(m
8
)g(m
8
) for g (m
8
)3Z[m
8
] and therefore p4"N( f
1
(m
8
))
N( f
2
(m
8
) )N ( f
3
(m
8
) )N( f
4
(m
8
) )N (g (m
8
) ). It follows that N ( f
j
(m
8
))" p"
8k#1 for 14j44. Moreover, from Lemma 2.2 it also follows that GF(p) is
isomorphic to each residue class Þeld Z[m
8
]/P
j
for 14j44.
Suppose that an odd prime integer p is not of form 8k#1. Since p is an odd
prime integer, it follows that 8 Dp2!1. Then m
8
Pmp2
8
"m
8
is the identity
on F"Q (m
8
). Therefore, from Lemma 2.2 it follows that the ideal
pZ[m
8
]"P
1
P
2
, where P
j
are di⁄erent prime ideals of Z[m
8
] for 14j42.
Each P
j
is generated by an irreducible element f
j
(m
8
) since Z[m
8
] is a princi-
pal ideal domain. Thus we have p"f
1
(m
8
) f
2
(m
8
)g (m
8
) for g (m
8
)3Z[m
8
]
and therefore p4"N( f
1
(m
8
) )N ( f
2
(m
8
))N(g(m
8
) ). If N( f
1
(m
8
) )"p, then
p"f
1
(m
8
)p ( f
1
(m
8
))q( f
1
(m
8
) )pq( f
1
(m
8
)) and N(p ( f
1
(m
8
) ) )"N (q( f
1
(m
8
) ) )"
N(pq ( f
1
(m
8
) ) )"p. Thus, the ideals S f
1
(m
8
)T, Sp( f
1
(m
8
))T, Sq(f
1
(m
8
))T, and
pq( f
1
(m
8
))T are all prime ideals of Z[m
8
]. It follows that the ideal
pZ[m
8
]"S f
1
(m
8
)TSp( f
1
(m
8
))TSq( f
1
(m
8
))TSpq( f
1
(m
8
) )T is another factoriz-
ation of prime ideals of Z[m
8
], in contradiction to the uniqueness of factoriz-
ation. Thus N( f
1
(m
8
) )Op. Similarly, N ( f
2
(m
8
))Op. We must have
N( f
1
(m
8
) )"N ( f
2
(m
8
) )"p2. Moreover, from Lemma 2.2 it also follows that
GF(p2) is isomorphic to each residue class Þeld Z[m
8
]/P
j
for 14j42.
(2) The proof is similar to that of (1).
(3) The proof is similar to that of (1). j
THEOREM 2.1. (1) If N (a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
) is an odd prime integer
p, then p must be of the form 8k#1 and a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is an
irreducible element of Z[m
8
]. Moreover, Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T
is a Þeld with p elements.
(2) If N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p2, where p is an odd prime integer
and pO8k#1, then a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is an irreducible element of
Z[m
8
]. Moreover, Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a Þeld with p2 elements.
(3) If N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
) is a prime integer p which is di⁄erent
from 5, then p must be of the form 5k#1 and a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
is an
irreducible element of Z[m
5
]. Moreover, Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T
is a Þeld with p elements.
(4) If N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)"p2, where p is of the form 5k#4,
then a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
is an irreducible element of Z[m
5
]. Moreover,
Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T is a Þeld with p2 elements.
(5) If N(a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
) is a prime integer p greater than 3,
then p must be of the form 12k#1 and a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
is an
62 DONG, SOH, AND GUNAWANirreducible element of Z[m
12
]. Moreover, Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#
a
3
m3
12
T is a Þeld with p elements.
(6) If N (a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p2, where p’3 is an odd prime
integer and pO12k#1, then a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
is an irreducible
element of Z[m
12
]. Moreover, Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T is
a Þeld with p2 elements.
Proof. (1) Suppose that N (a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p which is an odd
prime integer. Then a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is an irreducible element. Since
Z[m
8
] is a principal ideal domain, the ideal Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T
is a maximal ideal of Z[m
8
] and therefore a prime ideal. Note that
p"(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)p(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
) q(a
0
#a
1
m
8
#
a
2
m2
8
#a
3
m3
8
) pq(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
). So pZ[m
8
]" Sa
0
#a
1
m
8
#a
2
m2
8#a
3
m3
8
TSp(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)TSq(a
0
#a
1
m
8
# a
2
m2
8
#a
3
m3
8
)T Spq(a
0#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)T is a factorization of prime ideals. Since the factoriz-
ation of the ideal pZ[m
8
] is unique, p must be of the form 8k#1. Moreover,
Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a Þeld with p elements.
(2) Suppose N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p2, where p is an odd prime
integer and pO8k#1. If a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is a reducible element
of Z[m
8
], then there are elements b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
and c
0
#c
1
m
8
#
c
2
m2
8
#c
3
m3
8
such that a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
"(b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
)
(c
0
#c
1
m
8
#c
2
m2
8
#c
3
m3
8
) and N(b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
)"N(c
0
#c
1
m
8#c
2
m2
8
#c
3
m3
8
)"p. From (1) it follows that p must be of the form 8k#1,
a contradiction. Thus a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is an irreducible element of
Z[m
8
] and therefore Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a prime ideal of Z[m
8
]. As
a result, Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
TWZ is prime ideal of Z. Since
p2ZLSa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
TWZ, we must have Sa
0
#a
1
m
8
#a
2
m2
8
#
a
3
m3
8
TWZ"pZ. Thus, there is an element b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
such that
p"(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
) (b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
) and therefore
pZ[m
8
]"Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
TSb
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
T. Let pZ[m
8
]
"P
1
P
2
, where P
1
and P
2
are di⁄erent prime ideals of Z[m
8
]. Since the
factorization of the ideal pZ[m
8
] is unique, it follows that P
1
"Sa
0
#a
1
m
8
#
a
2
m2
8
#a
3
m3
8
T or P
2
"Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T. Therefore, Z[m
8
]/Sa
0
#
a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a Þeld with p2 elements.
(3) and (5) The proofs are similar to the proof of (1).
(4) and (6) The proofs are similar to the proof of (2). j
THEOREM 2.2. (1) ‚et a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible element
with N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p"8k#1 or N(a
0
#a
1
m
8
#a
2
m2
8#a
3
m3
8
)"p2, where pO8k#1 and pO2. „hen the multiplicative group of
the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T contains a unique cyclic sub-
group with 8 elements. Moreover, M$1, $m
8
, $m2
8
, $m3
8
N can be taken as the
complete set of coset representatives of the subgroup with 8 elements of the
multiplicative group of the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T.
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0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
be an irreducible element with
N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)"p"5k#1 or N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)
"p2, where p&5kP4. ‚et q be an odd prime integer of form 5kP2 or
5kP3. „hen the multiplicative groups of the Þeld ZMm
5
N*Sa
0
#a
1
m
5
#a
2
m2
5#a
3
m3
5
T and the Þeld Z[m
5
]/SqT, respectively, contain a unique cyclic sub-
group with 10 elements. Moreover, M$1, $m
5
, $m2
5
, $m3
5
, $m4
5
N can be
taken as the complete set of coset representatives of the cyclic subgroup with 10
elements of the multiplicative group of the Þeld Z[m
5
]/Sa
0
#a
1
m
5
#
a
2
m2
5
#a
3
m3
5
T or the Þeld Z[m
5
]/SqT.
(3) ‚et a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
be an irreducible element with
N(a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p"12k#1 or N(a
0
#a
1
m
12
#a
2
m2
12
#
a
3
m3
12
)"p2, where pO12k#1, pO2 and pO3. „hen the multiplicative group
of the Þeld Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T contains a unique cyclic
subgroup with 12 elements. Moreover, M$1, $m
12
, $m2
12
, $m3
12
, $m4
12
,
$m5
12
N can be taken as the complete set of coset representatives of the cyclic
subgroup with 12 elements of the multiplicative group of the Þeld Z[m
12
]/Sa
0#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T.
Proof. (1) Let a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible element with
N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p"8k#1. Then Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8#a
3
m3
8
T is a Þnite Þeld with p elements. Since 8 Dp!1 and the multiplicative
group of Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a cyclic group with p!1
elements, it follows that the multiplicative group of Z[m
8
]/Sa
0
#a
1
m
8
#
a
2
m2
8
#a
3
m3
8
T contains a unique cyclic subgroup with 8 elements. If mi
8
and mj
8
are in the same residue class modulo the ideal Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T,
where 14i(j48, then there is an element b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
such
that mi
8
!mj
8
"(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
) (b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
) and
therefore N(mi
8
!mj
8
T"pN (b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
). However, it is easily
veriÞed that N(mi
8
!mj
8
)"2, 4, or 16 for 14i(j48. This results in a con-
tradiction since p is an odd prime integer. Thus, any two di⁄erent elements in
M$1, $m
8
, $m2
8
, $m3
8
N are in the di⁄erent residue classes modulo the ideal
Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T. Since M$1, $m
8
, $m2
8
, $m3
8
N is a cyclic
subgroup generated by m
8
with 8 elements, M$1, $m
8
, $m2
8
, $m3
8
N can be
taken as the complete set of coset representatives of the cyclic subgroup with
8 elements of the multiplicative group of the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#
a
2
m2
8
#a
3
m3
8
T.
Let a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible element with
N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p2, where pO8k#1. Then Z[m
8
]/Sa
0#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a Þnite Þeld with p2 elements. Since p is an odd
prime integer, it follows that 8 Dp2!1. We can use the same arguments as
above to prove that M$1, $m
8
, $m2
8
, $m3
8
N can be taken as the complete
set of coset representatives of the cyclic subgroup with 8 elements of the
multiplicative group of the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T.
64 DONG, SOH, AND GUNAWAN(2) Let a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
be an irreducible element with
N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)"p"5k#1. Then Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5#a
3
m3
5
T is a Þnite Þeld with p elements. Since 5 Dp!1 and 2 Dp!1, we have
10 Dp!1. It follows that the multiplicative group of Z[m
5
]/Sa
0
#a
1
m
5
#
a
2
m2
5
#a
3
m3
5
T contains a unique cyclic subgroup with 10 elements. Suppose
that (!m
5
)i and (!m
5
)j are in the same residue class modulo the ideal
Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T, where 14i(j410. Then there is an element
b
0
#b
1
m
5
#b
2
m2
5
#b
3
m3
5
such that (!m
5
)i!(!m
5
)j"(a
0
#a
1
m
5
#a
2
m2
5
#
a
3
m3
5
) (b
0
#b
1
m
5
#b
2
m2
5
#b
3
m3
5
) and therefore N( (!m
5
)i!(!m
5
)j )"
pN(b
0
#b
1
m
5
#b
2
m2
5
#b
3
m3
5
). However, it is easily veriÞed that
N((m
5
)i!(!m
5
)j)"1 or 5 or 16 for 14i(j410. This results in a desired
contradiction since p is an odd prime integer of form 5k#1. Thus, any two
di⁄erent elements in M$1, $m
5
, $m2
5
, $m3
5
, $m4
5
N are in the di⁄erent
residue classes modulo the ideal Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T. The remainder
of the proof is similar to that of (1).
Suppose that a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
is an irreducible element with
N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)"p2, where p"5k#4. Then by Theorem 2.1,
Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T is a Þnite Þeld with p2 elements. It is easy
to verify that 2 Dp2!1 and 5 Dp2!1. It follows that 10 Dp2!1. So the Þeld
Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T contains a unique cyclic subgroup with
10 elements. We can use the same arguments as above to prove that M$1,
$m
5
, $m2
5
, $m3
5
, $m4
5
N can be taken as the complete set of coset represen-
tatives of the cyclic subgroup with 10 elements of the multiplicative group of
the Þeld Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T.
Now, suppose that q is an odd prime integer of form 5k#2 or 5k#3.
Then by Theorem 2.1, Z[m
5
]/SqT is a Þnite Þeld with q4 elements. It is easy to
verify that 2 Dq4!1 and 5 Dq4!1. It follows that 10 Dq4!1. So the Þeld
Z[m
5
]/SqT contains a unique cyclic subgroup with 10 elements. We can use
the same arguments as above to prove that M$1, $m
5
, $m2
5
, $m3
5
, $m4
5
N
can be taken as the complete set of coset representatives of the cyclic
subgroup with 10 elements of the multiplicative group of the Þeld Z[m
5
]/SqT.
(3) Let a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
be an irreducible element with
N(a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p"12k#1. Then by Theorem 2.1,
Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T is a Þnite Þeld with p elements.
From 12 Dp!1 it follows that the multiplicative group of Z[m
12
]/Sa
0#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T contains a unique cyclic subgroup with 12 ele-
ments. If mi
12
and mj
12
are in the same residue class modulo the ideal
Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T, where 14i(j412, then there is an ele-
ment b
0
#b
1
m
12
#b
2
m2
12
#b
3
m3
12
such that mi
12
!mj
12
"(a
0
#a
1
m
12
#
a
2
m2
12
#a
3
m3
12
) (b
0
#b
1
m
12
#b
2
m2
12
#b
3
m3
12
) and therefore N (mi
12
!mj
12
)"
pN(b
0
#b
1
m
12
#b
2
m2
12
#b
3
m3
12
). However, it is easily veriÞed that
N(mi
12
!mj
12
)"1, 4, 9, or 16 for 14i(j412. This results in a contradiction
since p is an odd prime integer of the form 12k#1. Thus, any two di⁄erent
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12
, $m2
12
, $m3
12
, $m4
12
, $m5
12
N are in the di⁄erent
residue classes modulo the ideal Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T. The remain-
der of the proof is similar to that of (1).
Suppose that a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
is an irreducible element with
N(a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p2, where pO12k#1, pO2, and pO3.
Then by Theorem 2.1, Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T is a Þnite Þeld
with p2 elements. It is easy to verify that 12 Dp2!1. Thus the multiplicative
group of Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T contains a unique cyclic
subgroup with 12 elements. We also can use the same arguments as above to
prove that M$1, $m
12
, $m2
12
, $m3
12
, $m4
12
, $m5
12
N can be taken as the
complete set of coset representatives of the cyclic subgroup with 12 elements
of the multiplicative group of the Þeld Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12#a
3
m3
12
T. j
THEOREM 2.3. (1) ‚et a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible
element with N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p"8k#1. „hen the set
M0, 1,2 , p!1N is a complete set of coset representatives of the Þeld
Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T.
(2) ‚et a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible element of Z[m
8
]
with the norm p2, where pO8k#1 and pO2. „hen the set Mk#lm
8
D DkD, D l D4
(p!1)/2N is a complete set of coset representatives of the Þeld Z[m
8
]/Sa
0#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T with p2 elements.
(3) ‚et a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
be an irreducible element with
N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)"p"5k#1. „hen the set M0, 1,2, p!1N
is a complete set of coset representatives of the Þeld Z[m
5
]/Sa
0
#a
1
m
5
#
a
2
m2
5
#a
3
m3
5
T.
(4) ‚et an odd prime integer p be of form 5k#2 or 5k#3. „hen the set
Ma
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
D Da
j
D4(p!1)/2, j"0, 1, 2, 3N is a complete set of
coset representatives of the Þeld Z[m
5
]/SpT.
(5) ‚et a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
be an irreducible element with
N(a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p"12k#1. „hen the set M0, 1,2, p!1N
is a complete set of coset representatives of the Þeld Z[m
12
]/Sa
0
#a
1
m
12
#
a
2
m2
12
#a
3
m3
12
T.
(6) ‚et a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
be an irreducible element of Z[m
12
]
with the norm p2, where pO4k#1, pO2, and pO3. „hen the set Mk#lm3
12
D
Dk D, Dl D4(p!1)/2N is a complete set of coset representatives of the Þeld
Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T with p2 elements.
Proof. (1) Let a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible element with
N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p"8k#1. Let f : ZPZ[m
8
] be the inclu-
sion map and n : Z[m
8
]PZ[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T the canonical
epimorphism given by n (b
0
#b
1
m
8
#b
2
m2
8
#b
3
m3
8
)"b
0
#b
1
m
8
#b
2
m2
8
#
b
3
m3
8
#Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T. Then it is easy to verify that the kernel
of the composite homomorphism n ¡ f is the ideal SpT"pZ. Thus
66 DONG, SOH, AND GUNAWANn ¡ f :Z/SpTPZ[m8]/Sa0#a1m8#a2m28#a3m38T given by n ¡ f (a#SpT)"
a#Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is an isomorphism of the Þnite Þelds with
p elements. Therefore, the set M0, 1,2 , p!1N is a complete set of coset
representatives of the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T.
(2) Let a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
be an irreducible element of Z[m
8
]
with the norm p2, where pO8k#1 and pO2. Then Z[m
8
]/Sa
0
#
a
1
m
8
#a
2
m2
8
#a
3
m3
8
T is a Þeld with p2. Suppose k
1
#l
1
m
8
, k
2
#l
2
m
8
3
Mk#lm
8
D Dk D, D l D4(p!1)/2N, k
1
Ok
2
or l
1
Ol
2
and x#ym
8
"(k
1
!k
2
)#
(l
1
!l
2
)m
8
3Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T. Then, x4#y4"N (x#ym
8
) is
a multiple of N (a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p2. Therefore, p D (x4#y4), which
results in x4,!y4 (mod p). Since Dx D, DyD4(p!1) and x"k
1
!k
2
O0 or
y"l
1
!l
2
O0, we have (p, x)"(p, y)"1. So there is an integer z such that
yz,1 (mod p). As a result, (xz)4,!1 (mod p). Suppose that xz belongs to
the exponent d mod p, i.e., d is the smallest positive integer such that (xz)d,1
(mod p). We know from FermatÕs theorem d D(p!1). But (xz)4,!1 (mod p)
implies (xz)8,1 (mod p) and therefore d D8. Thus d"1, 2, 4, or 8. If d"1, 2,
or 4, then (xz)4,1 (mod p) and therefore !1,1 (mod p), which is contrary
to the assumption that p is an odd prime integer. This shows 8"d Dp!1 and
therefore p is of the form 8k#1, a contradiction to pO8k#1. Thus, the set
Mk#lm
8
D Dk D, Dl D4(p!1)/2N is a complete set of coset representatives of the
Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T with p2 elements.
(3) The proof is similar to that of (1).
(4) It is clear that the set Ma
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
D Da
j
D4(p!1)/2,
j"0, 1, 2, 3N has p4 elements. Suppose that k
0
#k
1
m
5
#k
2
m2
5
#k
3
m3
5
and
l
0
#l
1
m
5
#l
2
m2
5
#l
3
m3
5
are in the same resedue class modulo the ideal
SpT"pZ[m
5
]. Then (k
0
!l
0
)#(k
1
!l
1
)m
5
#(k
2
!l
2
)m2
5
#(k
3
!l
3
)m3
5
3
SpT"pZ[m
5
]. It follows that p D(k
j
!l
j
) for j"0, 1, 2, 3. However,
Dk
j
D, Dl
j
D4(p!1)/2, which implies Dk
j
!l
j
D4(p!1). So we must have k
j
"l
j
for j"0, 1, 2, 3. By Corollary 2.1 we know that the set
Ma
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
D Da
j
D4 (p!1)/2, j"0, 1, 2, 3N is a complete set of
coset representatives of the Þeld Z[m
5
]/SpT.
(5) The proof is similar to that of (1).
(6) Suppose that a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
is an irreducible element
of Z[m
12
] with the norm p2, where pO4k#1, pO2, and pO3. Then by
Theorem 2.1, Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T is a Þeld with p2 ele-
ments. It is clear that the set Mk#lm3
12
D DkD, Dl D4(p!1)/2N has p2 elements.
Suppose k
1
#l
1
m3
12
, k
2
#l
2
m3
13
3Mk#lm3
13
D Dk D, D l D4(p!1)/2N, k
1
Ok
2
or l
1
Ol
2
and x#ym
12
"(k
1
!k
2
)#(l
1
!l
2
)m
12
3Sa
0
#a
1
m
12
#a
2
m2
12#a
3
m3
12
T. Then, (x2#y2)2"N(x#ym
12
) is a multiple of N(a
0
#
a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p2. Therefore, p D(x2#y2), which results in x2,
!y2 (mod p). By the same arguments as in the proof of (2) we can prove that
the set Mk#lm3
12
D DkD, Dl D4(p!1)/2N is a complete set of coset representatives
of the Þeld Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T ith p2 elements. j
LINEAR BLOCK CODES 67Suppose that a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
is an irreducible element of Z[m
n
]
with N (a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
)"p"nk#1, where n"5, 8, or 12. From
Theorems 2.2 and 2.3 it follows that there is the subset with t
n
elements
S
n
LMx D04x4(p!1)N such that each element in S
n
is in the same residue
class as some element of the set M$1, $m
n
,2 ,$mqnn N, where n"5, 8, or 12;
t
5
"10, t
8
"8, t
12
"12; and q
5
"4, q
8
"3, q
12
"5. Thus
Rn
p
"Gx!C
x
a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
D(a0#a1mn#a2m2n#a3m3n ) D0
4x4(p!1) and x NS
nHXM$1,$mn ,2,$mqnn N
is a complete set of coset representatives of the Þeld Z[m
n
]/Sa
0
#
a
1
m
n
#a
2
m2
n
#a
3
m3
n
T, where
C
x
a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
D3Z[mn],
which gives the smallest value of
NA
x
a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
!C
x
a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
DB.
Similarly, suppose that a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is an irreducible element
with N (a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p2, where pO8k#1 and pO2. Then,
there is also the subset with 8 elements „LMk#lm
8
D DkD, D l D4(p!1)/2N such
that each element in „ is in the same residue class as some element of the set
M$1, $m
8
, $m2
8
, $m3
8
N. Let …"Mk#lm
8
D DkD, Dl D4(p!1)/2N!„. Then
R8
p2
"Gk#lm8!C
k#lm
8
a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
D (a0#a1m8#a2m28#a3m38) D
k#lm
8
3…HXM$1, $m8 , $m28 , $m38N
is a complete set of coset representatives of the Þeld Z[m
8
]/Sa
0
#
a
1
m
8
#a
2
m2
8
#a
3
m3
8
T, where
C
k#lm
8
a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
D3Z[m8],
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NA
k#lm
8
a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
!C
k#lm
8
a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
DB.
Suppose that an odd prime integer p is of the form 5k#2 or 5k#3. Then,
there is also the subset with 10 elements ”LMa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
D
Da
j
D4(p!1)/2, j"0, 1, 2, 3N such that each element in ” is in the same
residue class as some element of the set M$1, $m
5
, $m2
5
, $m3
5
, $m4
5
N.
Let »"Ma
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
D Da
j
D4(p!1)/2, j"0, 1, 2, 3N!”. Then
R5
p4
"Ga0#a1m5#a2m25#a3m35!C
a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
p D p Da0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
3»HXM$1, $m5 , $m25 , $m35 , $m45N
is a complete set of coset representatives of the Þeld Z[m
5
]/SpT, where
C
a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
p D3Z[m5],
which gives the smallest value of
NA
a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
p
!C
a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
p DB.
Finally, suppose that a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
is an irreducible
element with N (a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p2, where pO4k#1.
Then, there is the subset with 12 elements XLMk#lm3
12
D DkD, Dl D4(p!1)/2N
such that each element in X is in the same residue class as some element of the
set M$1, $m
12
,2 , $m512N. Let ‰"Mk#lm312 D DkD, Dl D4(p!1)/2N!X.
Then
R12
p2
"Gk#lm312!C
k#lm3
12
a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
D
(a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
) Dk#lm3
12
3‰HXM$1, $m12 ,2,$m512N
is a complete set of coset representatives of the Þeld Z[m
12
]/Sa
0
#
a
1
m
12
#a
2
m2
12
#a
3
m3
12
T, where
C
k#lm3
12
a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
D3Z[m12],
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NA
k#lm3
12
a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
!C
k#lm3
12
a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
DB.
In the following, we will use Rn
p
, Rn
p2
, and R5
p4
as the four-dimensional signal
spaces, where n"5, 8, or 12. It is clear that the norm of each element of
Rn
p
, Rn
p2
, and R5
p4
is not greater than the norms of other elements of the same
residue class as the element (i.e., the energy of the corresponding signal point
is as small as possible), where n"5, 8, or 12.
3. LINEAR BLOCK CODES FOR FOUR-DIMENSIONAL SIGNALS
In this section, the operations of elements are performed in a Þeld
Z[m
n
]/Sa
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
T, where a
0
#a
1
m
n
#a
2
m2
n
#a
3
m3
n
is an irre-
ducible element of Z[m
n
] and n"5, 8, or 12. We now design linear block
codes which are able to correct some error patterns.
DEFINITION 3.1. (1) Suppose that a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
is an irredu-
cible element with N (a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p"8k#1, respectively
N(a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
)"p2, where pO8k#1 and pO2. ‚et R8
p
, re-
spectively R8
p2
, be a complete set of coset representatives of the Þeld
Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T as before. A block code C of length
n"(p!1)/8, respectively n"(p2!1)/8, over R8
p
, respectively R8
p2
, is deÞned
as a set of codewords ( f
0
(m
8
), f
1
(m
8
),2, fn~1(m8) ) with coeƒcients fk(m8 )3Rp ,
respectively R8
p2
, such that
f
0
(m
8
)#f
1
(m
8
)a1#2#f
n~1
(m
8
)an~1"0,
where a is a primitive element of the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T;
i.e., the code C of length n over R8
p
, respectively R8
p2
, is constructed by the
following parity check matrix H:
H"(a0, a1,2, an~1).
(2) Suppose that a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
is an irreducible element with
N(a
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
)"p"5k#1 and suppose that an odd prime
integer q is of form 5k#2 or 5k#3. ‚et R5
p
and R5
q4
be, respectively, complete
sets of coset representatives of the Þelds Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T
and Z[m
5
]/SqT as before. A block code D of length n"(p!1)/10, respective-
ly n"(q4!1)/10, over R5
p
, respectively R5
q4
, is deÞned as a set of codewords
( f
0
(m
5
), f
1
(m
5
),2 , fn~1(m5) ) with coeƒcients fk(m5)3R5p , respectively R5q4 ,
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f
0
(m
5
)#f
1
(m
5
)b1#2#f
n~1
(m
5
)bn~1"0,
where b is a primitive element of the Þeld Z[m
5
]/Sa
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
T,
respectively Z[m
5
]/SqT; i.e., the code D of length n over R5
p
, respectively R5
q4
, is
constructed by the following parity check matrix H:
H"(b0, b1,2 , bn~1).
(3) Suppose that a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
is an irreducible element
with N (a
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p"12k#1, respectively N(a
0
#
a
1
m
12
#a
2
m2
12
#a
3
m3
12
)"p2, where pO4k#1, pO2, and pO3. ‚et R12
p
,
respectively R12
p2
, be a complete set of coset representatives of the Þeld
Z[m
12
]/Sa
0
#a
1
m
12
#a
2
m2
12
#a
3
m3
12
T as before. A block code E of length
n"(p!1)/12, respectively n"(p2!1)/12, over R12
p
, respectively R12
p2
, is
deÞned as a set of codewords ( f
0
(m
12
), f
1
(m
12
),2, fn~1(m12 ) ) with coeƒcients
f
k
(m
12
)3R12
p
, respectively R12
p2
, such that
f
0
(m
12
)#f
1
(m
12
)c1#2#f
n~1
(m
12
)cn~1"0,
where c is a primitive element of the Þeld Z[m
12
]/Sa
0
#a
1
m
12
#
a
2
m2
12
#a
3
m3
12
T; i.e., the code E of length n over R12
p
, respectively R12
p2
, is
constructed by the following parity check matrix H:
H"(c0, c1,2 , cn~1 ).
THEOREM 3.1. (1) „he linear code C of length n over R8
p
, respectively R8
p2
,
deÞned above is able to correct one error with values in M$1, $m
8
, $m2
8
,
$m3
8
N
(2) „he linear code D of length n over R5
p
, respectively R5
q4
, deÞned above
is able to correct one error with values in M$1, $m
5
, $m2
5
, $m3
5
, $m4
5
N.
(3) „he linear code E of length n over R12
p
, respectively R12
p2
, deÞned above
is able to correct one error with values in M$1, $m
12
, $m2
12
, $m3
12
, $m4
12
,
$m5
12
N.
Proof. (1) None that a has order p!1 (or p2!1) and n"(p!1)/8
(or n"(p2!1)/8). So an has order 8. Since SanT"Man, a2n,2 , a8nN and
Sm
8
T"M$1, $m
8
, $m2
8
, $m3
8
N are both the cyclic subgroups with order
8 of the multiplicative group of the Þeld Z[m
8
]/Sa
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
T,
we must have
Man, a2n,2 , a8nN"M$1, $m8 , $m28 , $m38N,
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from M$1, $m
8
, $m2
8
, $m3
8
N, as this kind of error will produce a di⁄erent
syndrome. Decoding is as follows: take the received vector r"c#e and
compute the syndrome (s)"K ) rT; the location of an error is given by
l"logas (mod n) and its value by s ) a~l, where 04l4n!1.
(2) and (3) The proofs are similar to the proof of (1). j
Example 1. Let p"41. It can be veriÞed that 1#m
8
#m2
8
#2m3
8
is an
irreducible element of Z[m
8
] with norm 41. From the proof of Theorem 2.3 it
follows that
6!C
6
1#m
8
#m2
8
#2m3
8
D (1#m8#m28#2m38)
"6!C
54#84m
8
!6m2
8
!18m3
8
41 D (1#m8#m28#2m38)"1#m8#m28
is a primitive element of the Þeld Z[m
8
]/S1#m
8
#m2
8
#2m3
8
T since 6 is
a primitive element of the Þeld Z/(41). By computer search we get the
exponent table and ZechÕs log table of the Þeld Z[m
8
]/S1#m
8
#m2
8
#2m3
8
T
(see Tables I and II). In Table I the norm of each element [a
0
, a
1
, a
2
, a
3
] is 1.
The code C of length 5"(41!1)/8 over R8
41
is constructed by the following
parity check matix H:
H"(a0, a1,2, a4).TABLE I
Exponent Table of the Field Z[n8]/S11n81n2812n38T
s as s as s as s as
1 [1, 1, 1, 0] 11 [!1, 0, 1, 1] 21 [!1,!1,!1, 0] 31 [1, 0,!1,!1]
2 [0, 2, 3, 2] 12 [!3,!2, 0, 2] 22 [0,!2,!3,!2] 32 [3, 2, 0,!2]
3 [2, 0,!2, 3] 13 [2,!3, 2, 0] 23 [!2, 0, 2,!3] 33 [!2, 3,!2, 0]
4 [1,!1, 0, 1] 14 [0,!1, 1,!1] 24 [!1, 1, 0,!1] 34 [0, 1,!1, 1]
5 [0,!1, 0, 0] 15 [0, 0, 0,!1] 25 [0, 1, 0, 0] 35 [0, 0, 0, 1]
6 [0,!1,!1,!1] 16 [1, 1, 0,!1] 26 [0, 1, 1, 1] 36 [!1,!1, 0, 1]
7 [2, 0,!2,!3] 17 [2, 3, 2, 0] 27 [!2, 0, 2, 3] 37 [!2,!3,!2, 0]
8 [3,!2, 0, 2] 18 [0,!2, 3,!2] 28 [!3, 2, 0,!2] 38 [0, 2,!3, 2]
9 [1,!1, 1, 0] 19 [!1, 0, 1,!1] 29 [!1, 1,!1, 0] 39 [1, 0,!1, 1]
10 [0, 0, 1, 0] 20 [!1, 0, 0, 0] 30 [0, 0,!1, 0] 40 [1, 0, 0, 0]
Note. [a
0
, a
1
, a
2
, a
3
] stands for a
0
#a
1
m
8
#a
2
m2
8
#a
3
m3
8
.
TABLE II
ZechÕs Log Table of the Field Z[n8]/S11n81n2812n38T
j z( j) j z ( j ) j z ( j ) j z ( j ) j z ( j ) j z ( j ) j z ( j ) j z ( j )
1 39 6 20 11 7 16 9 21 2 26 15 31 25 36 13
2 32 7 23 12 22 17 5 22 1 27 31 32 35 37 24
3 27 8 3 13 4 18 19 23 28 28 10 33 16 38 30
4 17 9 34 14 29 19 21 24 33 29 36 34 14 39 38
5 11 10 18 15 12 20 !R 25 37 30 8 35 6 40 26
Note. 1#aj"az ( j), a~="0.
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!a 1 0 0 0
!a2 0 1 0 0
!a3 0 0 1 0
!a4 0 0 0 1
For example, to transmit the four-dimensional signals [1, !1, 0, 1], [1, 1, 0,
!1], [!1, 1, !1, 0], and [0, 1, !1, 1], we let f
1
(m
8
)"[1, !1, 0, 1],
f
2
(m
8
)"[1, 1, 0, !1], f
3
(m
8
)"[!1, 1, !1, 0], and f
4
(m
8
)"[0, 1, !1, 1].
Then f
0
(m
8
)"!f
1
(m
8
)a!f
2
(m
8
)a2!f
3
(m
8
)a3!f
4
(m
8
)a4 "!a4a!a16a2
!a29a3!a34a4"a16"[1, 1, 0, !1].
Now, the Þve signals [1, 1, 0, !1], [1, !1, 0, 1], [1, 1, 0, !1], [!1, 1,
!1, 0], and [0, 1, !1, 1] will be sent through an additive Gaussian
channel. Suppose that one error [0, 0, 1, 0]"m2
8
is added to the second
component of the received sequence which will be r"([1, 1, 0, !1],
[1, !1, 0, 1], [1, 1, 1, !1], [!1, 1, !1, 0], [0, 1, !1, 1]). The receiver will
compute the syndrome s"H ) rT"a12. It is found that the error occurs at
position 2"12 (mod 5) and the error value is a12a~2"a10"[0, 0, 1,
0]"m2
8
.
Example 2. Let p"5. It can be veriÞed that 2#m2
8
is an irreducible
element of Z[m
8
] with norm 52. From Theorem 2.3 it follows that the set
Mk#lm
8
D Dk D, D l D42N is a complete set of coset representatives of the Þeld
Z[m
8
]/S2#m2
8
T with 52 elements. By computer search we get that
1#m
8
!C
1#m
8
2#m2
8
D(2#m28)"1#m8!C
2#4m
8
!m2
8
!m3
8
5 D (2#m28)
"!1#m
8
!m2
8
"a
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8
]/S2#m2
8
T. The code C of length
3"(25!1)/8 over R8
32
is constructed by the following parity check matrix
H:
H"(a0, a1, a2 ).
The corresponding generator matrix G is given by
C
!a
!a2
1
0
0
1D
Assume that at the receiving end the sequence vector r"([!1, 0, 0, !1],
[1, 0, 0, 0], [1, 0, 0, 0]) is received; then s"H ) rT"a12. So it is found that the
error occurs at position 0"12 (mod 3) and the error value is a12"[!1, 0, 0,
0]"!1.
Example 3. Let p"3. Note that 3 is an irreducible element of Z[m
2
] with
norm 34. From Theorem 2.3 it follows that the set Ma
0
#a
1
m
5
#a
2
m2
5
#a
3
m3
5
D
Da
j
D41, j"0, 1, 2, 3N is a complete set of coset representatives of the Þeld
Z[m
5
]/S3T with 34 elements. By computer search we get that 1!m
5
"b is
a primitive element of the Þeld Z[m
5
]/S3T. The code D of length
8"(34!1)/10 over R5
34
is constructed by the following parity check matrix
H:
H"(b0, b1,2 , b7 ).
The corresponding generator matrix G is given by
!b 1 0 0 0 0 0 0
!b2 0 1 0 0 0 0 0
F F F F F F F F
!b7 0 0 0 0 0 0 1
For example, to transmit the four-dimensional signals [!1, 1, 1, 1], [1, !1,
1, 1], [1, 0, 1, 1], [0, !1, 0, !1], [!1, !1, 0, 1], [0, 1, !1, 0], and [1, 0, !1,
1], we let f
1
(m
5
)"[!1, 1, 1, 1], f
2
(m
5
)"[1, !1, 1, 1], f
3
(m
5
)"[1, 0, 1, 1],
f
4
(m
5
)"[0, !1, 0, !1], f
5
(m
5
)"[!1, !1, 0, 1], f
6
(m
5
)"[0, 1, !1, 0],
and f
7
(m
5
)"[1, 0, !1, 1]. Then f
0
(m
5
)"!f
1
(m
5
)b!f
2
(m
5
)b2!2!
f
7
(m
5
)b7"!b9b!b35b2!b70b3!b54b4!b36b5!b33b6!b39b7"b5
"[1, !1, !1, 0].
Now, the eight signals [1, !1, !1, 0], [!1, 1, 1, 1], [1, !1, 1, 1], [1, 0, 1,
1], [0, !1, 0, !1], [!1, !1, 0, 1], [0, 1, !1, 0], and [1, 0, !1, 1] will be
74 DONG, SOH, AND GUNAWANsent through an additive Gaussian channel. Assume that at the receiving end
the sequence vector r"([1, !1, !1, 0], [!1, 1, 1, 1], [1, !1, 1, 1], [1, 0, 1,
1], [0, !1, 0, !1], [!1, 0, 0, 1], [0, 1, !1, 0], [1, 0, !1, 1]) is received;
then s"H ) rT"b37. So it is found that the error occurs at position 5"37
(mod 8) and the error value is b37b~5"b32"[0, 1, 0, 0].
4. CONCLUSION
We have developed a theory to construct linear block codes over Þnite
Þelds for four-dimensional signals. These codes are able to correct one error
with values in the group of all roots of unity in the algebraic integer ring
Z[m
n
] of the cyclotomic Þeld Q(m
n
), where n"5, 8, or 12. Block codes
constructed in this paper allow an algebraic approach in an area which is
currently mainly dominated by nonalgebraic convolutional codes. We note
that the modulo operation in this paper is complex and computation com-
plexity is great when the prime integer p is large. However, with the help of
computers it is possible to construct these linear block codes concretely when
the prime integer is not too large. We also note that any irreducible element
of Z[m
n
] has inÞnite many associate elements since the unit group of Z[m
n
] is
inÞnite, where n"5, 8, or 12. So we cannot deÞne a distance between
codewords as Huber did in [9, 10]. It would be interesting to deÞne an
appropriate distance between codewords to reßect the properties of these
codes.
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